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Quantum-mechanical investigation is presented to study single attosecond pulse generation by
gating high-order harmonic emission from H+2 molecule in intense laser pulses with time-dependent
ellipticity. The high-order harmonic generation from H+2 molecule in superposition of a left and a
right-hand circularly polarized Gaussian pulse is studied and the effect of time duration and carrier-
envelope phase of laser field on single attosecond pulse generation is investigated. Using laser field
formed by combination of a left and a right-hand elliptically polarized Gaussian pulse, the effect of
ellipticity of field on duration and intensity of generated attosecond pulses is studied. The numerical
calculations show that, with the conventional polarization gating, an intense single attosecond pulse
can be isolated from the pulse train emitted by H+2 molecule in the laser field.
PACS numbers: 42.65.Ky, 42.65.Re, 42.50.Hz, 33.80.Rv
I. INTRODUCTION
High-order harmonic generation (HHG) from atoms
and molecules in intense laser fields has been proved to
be an important technique for producing coherent high-
energy attosecond pulse trains as well as single isolated
attosecond pulses [1-3]. The mechanism of HHG process
can be interpreted by a three-step semiclassical model
[4-6]: first, under an intense laser field, the bound state
electron tunnels through the coulomb barrier into contin-
uum, then the freed electron accelerates in the external
laser field and finally it may recombine into the ground
state due to the phase change of the electric field followed
by attosecond burst of electromagnetic waves emission.
In many cycle laser fields this process occurs every half-
cycle and generates attosecond pulse trains which due to
the interference of these attosecond pulses there is a fre-
quency comb with an interval of twice the driving field
photon energy. In recent years, generation of isolated
pulses with very short duration has gained enormous in-
terest and much effort has been paid to achieve single at-
tosecond pulses with long pulse lasers as they are easier
to access. For example, it has been proposed to manipu-
late two-color laser fields [7-11] so that a continuum spec-
trum in the cutoff region of HHG spectra can be gener-
ated. Another alternative approach to generate isolated
attosecond pulses is using of polarization gating of ultra-
short pulses as suggested by Corkum and his collabora-
tors [12]. The polarization gating is based on the depen-
dence of the high harmonic generation efficiency on the
ellipticity of the laser. The gating is applies with laser
pulses whose ellipticity changes from circular to linear
and conversely. In this created field, the electron will be
driven away from the nucleus, in the head and tail parts,
and in the center portion of the pulse, which is defined
as the polarization gate, single attosecond pulses can be
generated without spatial filtering. Chang [13] has in-
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vestigated polarization gating in atoms via semiclassical
theory. This method mainly takes ground and contin-
uum states into account and both the ionization and re-
combination processes occur in the ground state. How-
ever, recent studies have shown that not only the ground
state but the excited states contribute to the HHG spec-
trum [14-15]. On the other hand, HHG from molecules
shows some differences compared to that from atomic
systems, such as two-center interference and a double-
plateau structure [16-17]. Typical molecular HHG spec-
tra exhibit a narrow and a broad plateau at low and
high frequencies respectively. In the broad part of the
plateau, the efficiency exceeds that of the atomic-like one
by several orders of magnitude. In molecular high-order
harmonic generation, the ionized electron can recombine
with neighboring ions in the same molecule leading to
a much larger cutoff energy depending on the internu-
clear distance. This larger cutoff energy comes from
longer acceleration distance in the recombination pro-
cess. With the advantage of the high intensity of the
molecular plateau and larger cutoff energy, the molecular
HHG could be an important topic of research to achieve
an isolated attosecond laser pulse. Ge at al. [18] have
shown that an isolated attosecond pulse with duration
129 as could be generated from the H+2 molecule in 3-fs,
800-nm laser pulses. Also, recent studies proposed that,
single circularly and elliptically attosecond pulses, which
are potential new tools for investigation of electron dy-
namics inside atoms and molecules, could be produced
by molecules exposed to the intense laser pulses with a
time-dependent ellipticity [19-20]. Yuan and Bandrauk
[21] have been generated a single circularly polarized 114
as pulse from the interaction of H+2 molecule with an el-
liptically polarized laser pulse at a wavelength of 400 nm
in the presence of a Terahertz Field.
In this paper, the quantum approach is performed
to investigate polarization gating of HHG from H+2
molecule by solving the time-dependent Schro¨dinger
equation (TDSE) numerically, which provides us exact
results.
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2II. THEORY AND COMPUTATIONAL
METHODS
The interaction of the H+2 molecule with a laser field
with time-dependent degree of ellipticity is described
by the corresponding two-dimensional time-dependent
Schro¨dinger equation as [22-24]: (atomic units (a.u.) are
used throughout the paper unless stated otherwise.)
i
∂ψ(x, y, t)
∂t
= [Ĥ0(x, y) + Ĥ(x, y, t)]ψ(x, y, t), (1)
where the unperturbed Hamiltonian Ĥ0(x, y) of the sys-
tem is given by:
Ĥ0(x, y) = −1
2
∇2x,y + V̂ (x, y). (2)
In Eq. (2), V̂ (x, y) is the soft Coulomb potential of the
system:
V̂ (x, y) =
2∑
i=1
−1/
√
β + (x− xi)2 + (y − yi)2. (3)
In the above equation (xi,yi) are coordinates of nu-
cleus in the molecule and β is the softening parameter
which is chosen 0.52 to produce the real energy curve
of the 1σg state of the H
+
2 molecule. During the sim-
ulations an absorbing potential included to avoid un-
physical reflections of the electron wavepacket at the
boundaries. The interaction term in length gauge is
H(x, y, t) = E(t).(x x̂ + y ŷ). In the present paper,
E(t) = Ex(t) x̂ + Ey(t) ŷ, is considered as a polarized
pulse with a time-dependent ellipticity, which is gener-
ated by the superposition of a left and a right-hand po-
larized Gaussian pulse. The electric fields of the left and
right-hand polarized pulses propagating in the z direc-
tion are:
El(t) = E0 e
−2Ln(2)((t−td/2)/τp)2 [x̂ cos(ωt+ φ) (4)
+ ŷ  sin(ωt+ φ)](−1)n,
Er(t) = E0 e
−2Ln(2)((t+td/2)/τp)2 [x̂ cos(ωt+ φ) (5)
− ŷ  sin(ωt+ φ)](−1)n.
The peak field amplitude E0, carrier frequency ω, pulse
duration τp and carrier-envelope phase φ are the same
for the two pulses and td, which is an integral number,
n, of optical periods, is the time delay between left and
right-hand pulses. In case of  = 1, the electric field
components are left and right-circularly polarized pulses
propagating in the z direction. If  6= 1 the field is a
superposition of a left and a right- elliptically polarized
fields. The TDSE is solved using unitary split-operator
technique where an eleven-point finite difference method
is used for calculating the first and second derivatives.
The Crank-Nicolson method which expresses the expo-
nential operator to the third order is used to handle the
time propagation. Simulation boxes are set to 200 a.u.
× 200 a.u. and the adaptive grid spacing is set to 0.2 a.u.
(near the center of the simulation box) and 0.5 a.u. (near
the borders of the simulation box) in both directions.
The corresponding time step is set to be 0.01 a.u. and
the internuclear distance is fixed at R = 2 a.u.. Based
on the Ehrenfest theorem, the time-dependent dipole ac-
celeration in each direction can be read as [25]:
ax(t) = 〈ψ(x, y, t)| x̂.[∇V (x, y) + E(t)] |ψ(x, y, t)〉
ay(t) = 〈ψ(x, y, t)| ŷ.[∇V (x, y) + E(t)] |ψ(x, y, t)〉 (6)
The x and y components of profile of the attosecond
pulses can be obtained via superposing several harmonics
Ix(t) = |
∑
q
aq exp[iqωt]|2,
Iy(t) = |
∑
q
a′q exp[iqωt]|2, (7)
where
aq =
∫
ax(t)exp[−iqωt]dt,
a′q =
∫
ay(t)exp[−iqωt]dt. (8)
The time dependence of harmonics is obtained by Morlet
wavelet transform of dipole acceleration as:
w(ω, t) =
√
ω
pi
1
2 σ
×
| ∫ +∞−∞ ax(t′) x̂ exp[−iω(t′ − t)]exp[−ω2(t′−t)22σ2 ]dt′ +∫ +∞
−∞ ay(t
′) ŷ exp[−iω(t′ − t)]exp[−ω2(t′−t)22σ2 ]dt′|. (9)
III. RESULTS AND DISCUSSION
To investigate the polarization gating for generation
of isolated attosecond pulses, first the Schro¨dinger equa-
tion is solved numerically for interaction of H+2 molecule
with a laser field created by superposition of a left and
a right-hand circularly polarized Gaussian pulses, using
the method described in Sec II. The time-dependent el-
lipticity of input pulse takes the form of [26]:
ξ(t) = −|1− e
−4Ln(2)((td/τp2)t|
1 + e−4Ln(2)((td/τp2)t
. (10)
For the center portion of the pulse where the field is
almost linearly polarized i.e., −4Ln(2)((td/τp2)t << 1,
ξ(t) can be expressed as:
ξ(t) ≈ |−4Ln(2)((td/τp2)t|. (11)
From the above equation, the time interval, where the
ellipticity is less than a certain value ξ(t), is thus:
δ(t) =
1
Ln(2)
ξ(t)
τp
2
Td
(12)
Using Eq. (12) the width of the gate part where the
pulse contributes to the harmonic generation effectively
i.e., ξ < 0.2, can be calculated as:
δ(t) = 0.3
τp
2
Td
. (13)
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FIG. 1. (Color online) The Morlet wavlet time profiles (left panels) for H+2 molecule in different laser field shapes (a)-
(c)(right panels), formed by combination of a left and a right-hand circularly polarized Gaussian pulse with τp = Td = 220
a.u. (∼ 5 fs) at 800 nm wavelength (ω = 0.057 a.u.) and I=3×1014 W/cm2 intensity: (a) x component of the laser field
with carrier-envelope phase φ = 0 (b) laser field with carrier-envelope phase φ = 0 (c) laser field with carrier-envelope phase
φ = pi/2.
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FIG. 2. (Color online) The profiles of the generated at-
tosecond pulses from the high-order harmonic spectrum of
H+2 molecule in different laser field shapes (a)-(c), formed by
combination of a left and a right-hand circularly polarized
Gaussian pulses with τp = Td = 220 a.u. (∼ 5 fs) at 800 nm
wavelength (ω = 0.057 a.u.) and I=3×1014 W/cm2 inten-
sity: (a) the x component of laser field with carrier-envelope
phase φ = 0 (b) laser field with carrier-envelope phase φ = 0
(c) laser field with carrier-envelope phase φ = pi/2.
According to Eq. (12) there are two ways to reduce
the high harmonic radiation time and to make the gate
shorter than one optical cycle. The gate width reduces
by using either shorter input pulses or a longer delay
time. Since the radiation time depends on the square of
the pulse duration, using shorter pulses is more effective
but it is limited by the shortest laser pulse that could be
generated. In the latter approach, most of the laser en-
ergy is outside the gate so the conversion efficiency is low.
In the present paper, the polarization gating technique
is applied to control the HHG process and to generate
isolated attosecond laser pulses for a compromised con-
dition where τp = Td.
First the calculations are performed for the superposi-
tion of a left and a right-hand circularly polarized pulse
with 220 a.u. (∼ 5 fs) time duration and separated by
220 a.u.. Laser pulses centered at 800 nm, and the peak
intensity set to I=3×1014 W/cm2. The calculated time
profiles of high harmonic emission and corresponding
field components are presented in Figs. 1(a)-1(c). For
the sake of comparison with harmonic generation from
interaction of H+2 molecule with linearly polarized laser
pulses, the time profile is calculated for the case where
only the driving part of the pulse is taken into account
and the result is presented in Fig. 1(a). Figs. 1(b) and
1(c) show the results for HHG in perpendicularly po-
larized pulses with carrier-envelope phase of 0 and pi/2
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FIG. 3. (Color online)(a) The Morlet wavlet time profiles for H+2 molecule in superposition of a left and a right-elliptically
polarized Gaussian laser pulse with τp = Td = 220 a.u. (∼ 5 fs) and  = 0.35 at 800 nm wavelength (ω = 0.057 a.u.) and
I=8.6 ×1014 W/cm2 intensity. (b) The profile of the extracted attosecond pulse from the HHG spectrum. (c) Field amplitude
of x and y components of elliptically polarized laser pulses ( = 0.35). (d) Field amplitude of x and y components of circularly
polarized laser pulses ( = 1) with I=3×1014 W/cm2 intensity.
respectively.
According to the right panels of Fig. 1(b) and 1(c), the
x component of field (Ex(t)) is driving field and it is re-
sponsible for the generation of attosecond pulses whereas
the y component of field (Ey(t)) is the gating part, which
suppresses the harmonic emission in the gate. As it can
be seen from the Fig. 1(a), a train of pulses, separated
by half a laser cycle, is obtained from the interaction of
H+2 molecule with the linearly polarized field. For po-
larization gating with laser pulse with φ = 0, Fig. 1(b),
four pulses are left while only two pulses with compara-
ble intensity are survived in the case of φ = pi/2. There
are pulses, at low frequencies, outside the gate in both
case of φ = 0 and φ = pi/2, which it is assumed that af-
ter reaching the maximum of laser pick amplitude, where
quantum state of the system are changed extremely, due
to the quantum diffusion of electron wavepacket the gate
width is larger than the calculated width from the Eq.
(12). The calculated attosecond pulses for initial laser
field with different gating schemes, created by superpos-
ing the harmonics of plateau from the 60th to the 90th
orders, are shown in Fig. 2(a)-2(c). It can be seen from
Fig. 2(a), when H+2 molecule was pumped by linearly
polarized field, a train of ten attosecond pulses is gen-
erated, while the number of pulses is reduced to two in
laser pulses with φ = pi/2 with the conventional polar-
ization gating, which being farther from the gate, one
of them has a lower intensity. In the case of φ = 0
three pulses are left. The separation between the gen-
erated pulses is the same as for linearly polarized pump
pulses. The results, in agreement with Eq. (12), show
that when the H+2 molecule is pumped by superposition
of circularly polarized pulses, separated by a delay, the
HHG is gated.
In this part, the interaction of H+2 molecule with super-
position of a left and a right-elliptically polarized Gaus-
sian laser pulses is studied. In this case, the gate width
is:
δ(t) = 0.3 
τp
2
Td
. (14)
According to the above equation, introducing ellipticity
to the input pulse makes the gate narrower. The calcu-
lated time profile for laser pulses with τp = Td = 220
a.u. and φ = pi/2 is shown in Fig. 3(a). In present
work,  = 0.35 is considered. The corresponding field
amplitude is illustrated in Fig. 3(c). The amplitude
of circularly fields, implemented in the previous simula-
tions, is presented in Fig. 3(d) for comparison. As it
has shown in bottom panels of Fig. 3, in this simula-
tion the peak intensity is chosen I = 8.6 ×1014 W/cm2
so that the driving field strength inside the gate is the
same as in the previous simulations for H+2 molecule in
superposition of circularly polarized laser pulses. As it
is apparent from the Fig. 3(c), due to the introduced
ellipticity, the gating field is much stronger outside the
gate, which suppresses the harmonic generation in the
gate more effectively than in the case where the compo-
nents of the initial pulse are circularly polarized. As it
can be seen from Fig. 3(a), only the short trajectory of
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FIG. 4. (Color online) The Morlet wavlet time profiles (left panels) for H+2 molecule in different laser field shapes (a)-(c),
formed by combination of a left and a right-hand circularly polarized Gaussian pulse with τp = Td = 110 a.u. (∼ 2.5 fs) at 800
nm wavelength (ω = 0.057 a.u.), I=3×1014 W/cm2 intensity and the corresponding extracted profiles of the attosecond pulses
from the high-order harmonic spectrum (right panels): (a) the x component of laser field with carrier-envelope phase φ = 0
(b) circularly polarized laser pulses with carrier-envelope phase φ = 0 (c) circularly polarized laser pulses with carrier-envelope
phase φ = pi/2. (d) The Morlet wavlet time profiles for H+2 molecule in a laser field, formed by combination of a left and
a right-hand elliptically polarized Gaussian pulse with τp = Td = 110 a.u. at 800 nm wavelength (ω = 0.057 a.u.) and
I=8.6×1014 W/cm2 intensity with carrier-envelope phase φ = pi/2 and  = 0.35.
the main pulse is survived. The calculated attosecond
pulses created by superposing the harmonics from the
60th to the 90th orders is presented in Fig. 3(b). As one
can see only a single attosecond pulse is left with dura-
tion of 112 attosecond. Although, in contrast with the
two generated pulses in the superposition of circularly
polarized pulses with φ = pi/2, only a single attosecond
pulse has survived here, but due to the depletion of the
ground state population before the gate, the survived
signal has a lower intensity than main signal in circu-
larly polarized pulses. This suggests that by making the
gate of the circularly polarized pulses shorter, one could
generate an intense isolated attosecond pulse.
In this part, the simulations are repeated using the
110 a.u. (∼ 2.5 fs) circular pulses with a 110 a.u. de-
lay. According to the Eq. (12), for laser pulses with
τp = Td = 110 a.u., the gate width is shorter than the
spacing between two adjacent attosecond pulses. The
calculated time profiles and corresponding calculated at-
tosecond pulses are presented in Fig. 4(a)-4(d). There
are fewer pulses in the gate part of the time profile in
comparison with 220 a.u. pulses, as the gate width for
pulses with τp = Td = 110 a.u. is shorter. In compari-
son with τp = Td = 220 a.u., polarization gating with a
shorter gate, reduced the number of pulses in the pulse
train from three to one. The duration of the survived
pulses for circularly polarized laser pulses with φ = 0 and
φ = pi/2, and elliptically polarized fields with φ = pi/2,
are calculated 155, 111 and 111 attosecond respectively
as it is presented in right panels of Fig. 4(a)-4(d). As
it can be seen from the comparison of Fig . 3(b) and
Fig. 4(c), the isolated attosecond pulse in the superpo-
sition of circularly polarized pulses with τp = Td = 110
a.u. and φ = pi/2, has a higher intensity than one gener-
ated in combination of elliptically polarized pulses with
220 a.u. duration time and delay. Due to the pulse
generation in the nonlinear part of the field, where the
ξ > 0.2, the generated isolated attosecond pulse in the
6circularly polarized pulses with φ = 0, Fig. 4(b), has a
time-dependent ellipticity.
IV. CONCLUSIONS
Single attosecond pulse generation by polarization gat-
ing of high-order harmonic emission from H+2 molecule,
in superposition of a left and a right-hand circularly po-
larized Gaussian pulse, is studied and compared to the
results from polarization gating of HHG in the superpo-
sition of elliptically polarized pulses. In conclusion our
quantum-mechanical calculations show that by polariza-
tion gating, one can reduce the number of attocsecond
pulses in the pulse train of a linearly polarized pulse with
220 a.u. (∼ 5 fs) duration time to one or two attosecond
pulses. In order to generate a single isolated attosecond
pulse in superposition of polarized pulses with 220 a.u.
duration, the H+2 ion should be driven by elliptically po-
larized laser fields. In superposition of circularly laser
fields, a single attosecond pulse is generated only when
the duration time of initial pulses is chosen shorter than
220 a.u.. It is found that in 110 a.u. (∼ 2.5 fs) circu-
larly polarized pulses, a high-intensity single attosecond
pulse could be obtained by selecting appropriate carrier-
envelope phase.
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